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Abstract⎯Two sets of bit error rate (BER) lower bounds for 
precoded orthogonal frequency division multiplexing (OFDM) 
systems using minimum mean square error (MMSE) 
equalization over frequency-selective multipath fading channels 
are evaluated by Monte Carlo method in this paper. The first set 
represents the best performance under different data group sizes 
used for precoding, whereas the second set represents the best 
performance under different channel multipath diversity orders. 
These performance bounds can serve as the guidelines for 
system designers to decide proper data group sizes for precoded 
OFDM systems in order to achieve better trade-off between 
system performance and complexity. Numerical results also 





Orthogonal frequency division multiplexing (OFDM) is a 
data transmission scheme which modulates data symbols in 
parallel on orthogonal subcarriers [1,2]. With OFDM, the 
effect of intersymbol interference (ISI) caused by channel 
time spread can be easily mitigated. An OFDM transmitter 
can be implemented by the inverse fast Fourier transform 
(IFFT) with cyclic prefix (CP) insertion or zero-padded suffix 
(ZP) appending, and simple frequency domain channel 
equalization can be applied at the receiver via fast Fourier 
transform (FFT). Due to these advantages, OFDM has been 
widely used in today’s digital communication systems such as 
wireless personal/local/metropolitan area networks (WPANs/ 
WLANs/WMANs) and digital audio/video broadcasting 
services (DAB/DVB) [3-6]. It is also a candidate for future 
generation wireless mobile communication systems [7]. 
However, the conventional OFDM systems suffer from 
some major disadvantages and considerable research has been 
undertaken to overcome them over the past decades. First, the 
transmitted signal waveform has a large peak-to-average 
power ratio (PAPR), which reduces the power efficiency of 
the OFDM systems [8-11]. Second, the receiver performance 
is sensitive to carrier frequency offset which causes inter-
carrier interference (ICI). Thus, complicated frequency 
synchronization is necessary [12,13]. Third, the uncoded 
OFDM system only achieves diversity order one and hence 
performs poorly in frequency-selective channels. Channel 
coding has been traditionally used to improve the diversity 
across frequency and time [14,15], and recently linear 
precoding and block spreading for OFDM systems are 
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introduced to improve the frequency diversity performance 
[16-22]. 
Precoded OFDM divides a block of modulated data to be 
transmitted in an OFDM symbol into groups and applies a 
unitary matrix to each data group to obtain different linear 
combinations of the data symbols. After subcarrier mapping, 
the data symbols are spread across the transmission frequency 
band. Thus, if a subcarrier experiences a deep fade after 
transmitting over a frequency-selective multipath channel, the 
data symbol can be still recovered from other received 
subcarriers so that the system performance is improved due to 
the increased diversity order. 
There are mainly two factors which determine the 
performance of a precoded OFDM system. One is the 
equalization/detection method used at the receiver. The other 
is the precoding data group size. Regarding the 
equalization/detection method, the maximum-likelihood (ML) 
detection offers better performance than other linear 
equalization techniques such as zero-forcing (ZF) and 
minimum mean square error (MMSE) equalizations. However, 
the ML detection requires higher computational complexity 
especially when the data group size is large. In practice, the 
linear equalization is preferable. 
Intuitively, the larger the data group size is, the better the 
system performance will be. However, larger data group size 
also implies higher implementation complexity. On the other 
hand, if the data group size is too small, the available 
diversity introduced by the multipath channel can not be fully 
exploited. Therefore, how to determine a proper data group 
size according to the available multipath diversity order is of 
significance to practical OFDM system design.     
In this paper, the bit error rate (BER) lower bounds of the 
MMSE equalization in precoded OFDM systems are 
evaluated for different data group sizes under the assumption 
that the channel provides a full diversity, which indicate the 
best performance the MMSE equalization could achieve for a 
given data group size. Further, assuming a sufficiently large 
data group size, the performance lower bounds of the MMSE 
equalization under different multipath diversity orders are 
also evaluated, which show the best performance the MMSE 
equalization could achieve for a given multipath diversity 
order. These performance bounds can serve as the guidelines 
for system designers to decide suitable group sizes for 
precoded OFDM systems in order to achieve the desired 
performance with affordable complexity. 
The rest of the paper is organized as follows. In Section II, 
the precoded OFDM system models are presented. In Section 
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III, the BER of the MMSE equalization is formulated as a 
function of the data group size and the multipath diversity 
order. Section IV evaluates the two sets of BER lower bounds 
using Monte Carlo simulation method. Numerical results of 
system performance for a precoded OFDM system are also 
provided to confirm the evaluated bounds and demonstrate 
the usefulness of these bounds to system design. Finally, 
conclusions are drawn in Section V. 
 
II. SYSTEM MODELS 
 
Referring to the transmitter model shown in Fig. 1 (a), let 
[ ]ix , 1,,1,0 −= MNi , denote MN  data symbols ( M  
and N  are integer powers of 2), which are modulated from 
the information data bits after binary phase shift keying 
(BPSK), quadrature phase shift keying (QPSK) or any other 
quadrature amplitude modulation (QAM) constellation 
mapping. Before precoding, the MN  data symbols are firstly 
divided into N  groups of size M  with the n th group 
denoted as a vector  
[ ] [ ] [ ]( )Tn MnMxnMxnMx 1,,1, −++=x , 
                                        1,,1,0 −= Nn ,       (1) 
where ( )T⋅ denotes matrix transposition, and then expressed 







x  after serial-to-parallel conversion 
(S/P). 
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 are the MN-point 
inverse Fourier transform and Fourier transform matrices respectively. 
The precoding process is to apply an MM ×  unitary 
matrix U , which satisfies the property =′UU =′UU I , 
where ( )′⋅  denotes transposition and complex-conjugation 
operation and I  is the identity matrix of order M , to each 
vector nx  to produce a precoded vector where each element 
is a linear combination of the symbols in vector nx . To better 
exploit frequency diversity, the precoded symbols are 
preferably mapped onto subcarriers equally spaced across the 
transmitted bandwidth. This is equivalent to a block 
interleaving operation among N  precoded vectors nUx , 
1,,1,0 −= Nn , and then performing IFFT of length 
MN on the resulting precoded and interleaved vector  Y . 
After IFFT and parallel-to-serial conversion (P/S), a time 
domain sequence [ ]iy , 1,,1,0 −= MNi , is produced. 
To form a precoded OFDM symbol, either a CP or a ZP of 
sufficient length (longer than the maximum channel multipath 
delay in samples) are added to [ ]iy  to avoid interference 
between adjacent precoded OFDM symbols and turn the 
linear convolution of the transmitted signal with the channel 
impulse response into a circular one. 
The precoded OFDM signal is then transmitted over a 
frequency-selective multipath fading channel and received at 
the receiver baseband. By removing the CP or performing an 
overlap-add operation, MN -point received precoded OFDM 
samples [ ]ir , 1,,1,0 −= MNi , will be produced. After 
FFT and de-interleaving, the discrete-time received signal can 
be expressed in the frequency domain as 
nnnn VUxHR +=  ,     1,,1,0 −= Nn ,                (2) 
where 
[ ] [ ] ( )[ ]( )Tn nNMRnNRnR +−+= 1,...,,R            (3) 
is a vector of M  elements which are decimated from [ ]kR , 
the MN -point discrete Fourier transform (DFT) of [ ]ir , by 
a down-sampling factor N , 
[ ] [ ] ( )[ ]( )nNMHnNHnHdiagn +−+= 1,...,,H  (4) 
is an MM ×  diagonal matrix with diagonal elements 
decimated from [ ]kH , the MN -point DFT of the 
normalized discrete channel impulse response [ ]ih  , and nV  
is a zero-mean Gaussian noise vector with covariance matrix 
{ }nnE VV ′  I
2
Vσ= , where {}⋅E  denotes ensemble average. 
To recover the transmitted data vector nx , equalization and 
detection must be performed on the received signal nR . Due 
to the complexity of the optimum ML detection, only the 
MMSE equalization is considered, since it can simply use a 
one-tap equalizer for each subcarrier in the frequency domain. 
The equalization and detection process can be described as 
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follows. Let [ ]kC  denote the one-tap equalizer coefficient to 
be applied to [ ]kR  on the subcarrier k  and 
[ ] [ ] ( )[ ]( )nNMCnNCnCdiagn +−+= 1,...,,C     (5) 
denote an MM ×  diagonal matrix with diagonal elements 
[ ]nlNC + , 1,,1,0 −= Ml . First, applying nC  to nR  
produces the equalized precoded data vector nnRC . Second, 
using U′  to remove the precoding yields the decision 
variable vector nnn RCUd ′= . Finally, an estimate of the 
transmitted data vector nx  is obtained after hard decision. 
Repeating the above process for 1,,1,0 −= Nn , all the 
transmitted data symbols are retrieved. 
 
III. PERFORMANCE OF MMSE EQUALIZATION 
 
We first derive the post-equalization signal-to-noise ratio 
(SNR) as a function of the equalizer coefficients [ ]nlNC +  
for the received signal vector nR . According to the above 
described equalization process, the decision variable vector 
can be expressed as 
nnn RCUd ′= nnnnn VCUUxHCU ′+′= .                (6) 
Assume that the data symbols in nx  are independent with 
average power 2xσ  so that { }nnE xx ′ I
2
xσ= . The covariance 
matrix of nd  can be derived as 
{ } UCCUUCHHCUdd nnVnnnnxnnE ′′+′′′=′
22 σσ . (7) 
Suppose that we want to decide the m th data symbol 
[ ]mnMx +  in nx  from the m th element in nd . The 
useful signal component can be found from the first term on 












[ ]mnMx +⋅ , where mlu ,  is an element of U  at the l th 
row and the m th column, and thus the useful signal power 
after equalization is 










++ [ ]mnq ,0= .        (8) 
The average power of the m th element in nd  can be also 
found from (7) as 






















[ ]mnq ,1= .                                                                          (9) 
Therefore, the output SNR after equalization can be expressed 
as 
[ ] [ ]









=γ .                                    (10)  
According to the MMSE criterion, nC should be designed 
so that  
( ) ( ){ }nnnnE xdxd −′−  
( ) ( ){ }nnnnE UxUdUxUd −′−=   
( ) ( ){ }nnnnnnE UxRCUxRC −′−=                          (11) 
is minimized. Using the orthogonality principle, we have 
( ){ } 0RUxRC =′− nnnnE                                         (12) 
and consequently,  
{ } { }( ) 1−′′= nnnnn EE RRRUxC  
    { } { } { }( ) 1−′+′′′′′′= nnnnnnnnn EEE VVHUxxUHHUxxU  
















γ =  is the input SNR before equalization. 
From (13), the diagonal element is found to be 












.                          (14)  
Substituting (14) into (8) and (9) and using (10), the output 
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, = , such as those adapted from Fourier transform 
matrix , Hadamard matrix and rotated Hadamard matrix [19], 
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We see that the output SNR is determined by the channel 
frequency response [ ]kH , or equivalently, the channel 
impulse response [ ]ih . Assuming QPSK modulation for data 
symbols and making a Gaussian distribution approximation 
for ISI, the bit error probability of the equalizer for a 
realization of the channel impulse response can be evaluated 









γ , where the Q-function is defined as 










. Also, assuming that the channel 
impulse response has L  independent paths, each of which is 
modelled as an independent complex Gaussian process, the 
average BER for such frequency-selective fading channel can 
be evaluated as 










ELMP γ                           (17) 
where {}⋅hE  denotes the ensemble averaging over all 
possible [ ]ih . We see that (17) is a function of the data group 
size M  and the multipath length L .  
 
IV. BER LOWER BOUNDS AND APPLICATION 
 
To show the relationship between the system performance 
and the group size as well as the relationship between the 
system performance and the channel diversity order, let’s 
work out two sets of BER lower bounds using the MMSE 
equalization. The first set represents the best possible 
performance for a given block size M . We assume that the 
channel provides a full multipath diversity, i.e., L >> M , so 
that [ ]nlNH +  at different l s become independent complex 
Gaussian variables with unit variance and are alternatively 
denoted as lα  for convenience. Then, the average BER can 




















α    (18) 
where {}⋅αE  denotes the ensemble average over 0α , 1α ,…, 




Eb  for QPSK, 
where bE  is the signal energy per bit and 0N  is the noise 
power spectral density. 
Fig. 2 shows the lower bounds of the MMSE equalization 
performance under different block sizes M =1, 2, 4, 8, 16, 32, 
64, 128, 256, 512, 1024, and ∞  by the Monte Carlo method, 
i.e., instead of evaluating (18) using the joint probability 
density function (pdf) of 0α , 1α ,…, 1−Mα , we generate 
sufficient realizations of these independent complex Gaussian 
variables, evaluate the BER for each realization, and then take 
an average. We see that the performance is improved as M  
increases. When ∞→M , since 
2
lα  is chi-square-
distributed with two degrees of freedom and pdf  ρ−e , a 
closed-form lower bound expression can be found as 
















e                        (19) 
which is the best performance the MMSE equalization could 
offer.  
















Fig. 2. Lower bounds of MMSE equalization performance under different 
data group sizes. The curves from right to left correspond to M=1, 2, 4, 8, 16, 
32, 64, 128, 256, 512, 1024, and ∞  respectively. 
 
The second set of lower bounds indicates the best 
performance for a given number of channel multipath L  
(referred to as multipath diversity order) with sufficiently 
large data block size M . Let ∞→M , the average BER 

























  (20) 
where ( )ωjeH  is the Fourier transform of [ ]ih .  Fig. 3 
shows this set of lower bounds for L =1, 2, 4, 8, 16, 32, 64, 
128, 256, 512, 1024, and ∞  by the Monte Carlo method, i.e., 
we generate sufficient realizations of the channel [ ]ih , 
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evaluate BER for each realization, and then take an average. 
We see that as the channel diversity order increases the 
performance is also improved. When ∞→L , the average 
BER approaches the same best performance expressed by the 
closed-form equation (19). 
















Fig. 3. Lower bounds of MMSE equalization performance under different 
multipath diversity orders. The curves from right to left correspond to L=1, 2, 
4, 8, 16, 32, 64, 128, 256, 512, 1024, and ∞  respectively. 
 
Comparing Fig. 2 with Fig. 3, we notice that ( )∞,1eP = 
( )1,∞eP , i.e., when there is no preccoding  ( M =1), the best 
performance a conventional OFDM system can achieve is the 
same as the performance with diversity order one ( L =1). 
This is consistent with what we have known about the 
conventional OFDM. When 1< M = L < ∞ , we have 
( )∞,MPe  > ( )LPe ,∞ . This means that for a given data 
group size M  the precoded OFDM system can not achieve 
the performance which the system could potentially offer with 
diversity order ML = . However, as M  becomes larger, 
the performance gradually approaches the best performance 
that the system provides for a given diversity order.  
To confirm the above evaluated BER lower bounds and 
also demonstrate their usefulness, the performance for a 
precoded OFDM system with MN =128 is tested by 
numerical simulation using a precoding matrix adapted from 
Fourier transform matrix under channel multipath diversity 
order L =32. Fig. 4 shows the performance using MMSE 
equalization for different group sizes M =1, 2, 4, 8, 16, 32, 
64, and 128 (consequently N =128, 64, 32, 16, 8, 4, 2, and 1 
respectively). We see that when ≤M 32 (i.e., the data group 
size is less than or equal to the multipath diversity order), the 
performance agrees with the lower bound ( )∞,MPe  for the 
given M . When choosing the maximum data group size 
M =128 (i.e., N =1), the performance approaches the lower 
bound ( )LPe ,∞  for L =32. Also note that when M =64 
(i.e., N =2) , the performance is already very close to this 
lower bound. 



















Fig. 4. Performance of MMSE equalization for precoded OFDM system with 
MN=128 under channel diversity order L=32 and different group sizes M=1, 
2, 4, 8, 16, 32, 64, and 128 (consequently N=128, 64, 32, 16, 8, 4, 2, and 1 
respectively). Dashed line is the lower bound for L=32. 
 
The above example shows that we can use the evaluated 
lower bounds to determine the data group size for a proper 
precoded OFDM system design. First, from ( )LPe ,∞  we 
can predict the best performance the system could potentially 
offer once the multipath diversity order is given. Then, from 
( )∞,MPe  we can compare system performance under 
different precoding sizes and decide a suitable M  subject to 
some complexity constraint. We can also estimate the 
performance degradation for a chosen M . Applying the 
above guidelines to a practical system, the multiband (MB) 
OFDM for ultra-wideband applications [4], it is of interest to 
reveal that the system design seems inappropriate regarding 
the dual-carrier modulation (DCM) for data rate over 320 
Mbps. The MB-OFDM system uses 128 subcarriers with a ZP 
of length 32 which corresponds to a potential multipath 
diversity of order 32. Since the DCM is equivalent to a 
precoding with only group size two, it is easily seen that the 




We have shown that the performance of the precoded 
OFDM systems using MMSE equalization is determined by 
the precoding data group size and the diversity order that the 
multipath channel can provide. Two sets of BER lower 
bounds are evaluated by the Monte Carlo method assuming 
full diversity order and sufficiently large group size 
respectively. A closed-form lower bound expression is also 
derived to define the theoretical performance limit for the 
MMSE equalization. These lower bounds can serve as the 
guidelines for precoded OFDM system design. 
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